1. In the memoirs of Wiener [7] on Tauberian theorems it is pointed out that the closure of the translations in L(-<x>, <x>) of d / !{<r-l)T_l dxXe" '-Ù is a necessary and sufficient condition for the Riemann zeta function f(s) to have no zeros on the line Re s=<r, 0<<t<1.
Salem [4] using (1 - for all a (0 <a < oo ) should imply that/ is zero almost everywhere.
Here somewhat different conditions will be considered.
Theorem I. Let X" be a positive increasing sequence such that (l.o) è^-=«. An A necessary and sufficient condition that Ç(s) have no zeros in the strip o"i<Re s<a2, where l/2^o-i<o-2^l, is that given any e>0 and a and ß such that ai<a<ß<a2 there exists an integer N and {an}, n = 1, • • • , N, (depending on e, a and ß) such that /> a / N g-Xnz \ 2 ( E a»-r--e~x ) (a2""1 + x2^)dx < e. o \ i 1 + e-x"* / is replaced by x2c_1 for any c, 1/2^c^l, then the left side of (1.1) can always be made less than e regardless of the location of zeros of f(s). (See end of paper.)
A result equivalent to Theorem I is the following.
Theorem II. A necessary and sufficient condition that Ç(s) have no zeros in the strip <7i<Rl s<ff2 is that for any f(x)EL2(0, oo) and a and ß such that <Ti <o <ß <<r2,
implies that f(x) is zero almost everywhere on (0, oo). Here X" satisfies (1.0) and l/2á«ri<ffíál.
An immediate consequence of Theorem I is that a sufficient condition for f(s) to have no zeros in the strip (<ri, <r2) is that (1.1) hold with a = o"i and ß = <r2. Similarly an immediate consequence of Theorem II is that a sufficient condition for f (s) to have no zeros in the strip (<ri, ffi) is that (1.2), with a = oi and /3 = <r2, should imply/(x) zero almost everywhere. In the case of Theorem II this follows from the fact that xa-m -f-¡£0-1/2
is bounded on (0, oo) and of Theorem I from the boundedness of (X2«-1 + Xiß-l)/(x2ci-l + &nr*).
It has been pointed out to the author that these results can be derived with the aid of [l ; 2 ; 3]. However it appears desirable to give a self-contained derivation.
2. The proof that (1.1) is a sufficient condition for f(s) to have no zeros in the strip (ci, a2) is simple. Indeed for Re s>0 3. Here the necessity of the condition of Theorem II will be proved; that is, it will be shown that if f (s) has no zeros in (<ri, <r2) then (1.2) implies/(x) is zero.
First it will be shown that (1.2) implies that if /I 00 g-wX
then for Re w>0,
Let w = u+iv. Let c>0. For u^c and 0<x<1/|t>| Re (1 + e-1"1) = 1 + e~ux cos t;x ^ 1 + e~ux COS 1 ¡£ 1.
2 The trivial character of all such sufficiency proofs seems to indicate that if the Riemann hypothesis is true the closure theorems do not seem to be a very promising direction to pursue.
For x^l/|r|
Thus for all x>0, u^c,
For U gc, 1 -«-«/l»l a; 1 -e-»> 1/2 and for \v\^c, l-e-clĉ /2|d| . Thus for small c it follows from Since fiev)evl2EL2i-oo, oo) it follows from the Schwartz inequality that G{y) is absolutely integrable. On the other hand since H(u) = 0 it follows from (3.7) that 1 = 0. Since this holds for all real p and since, by (3.8), I = I(p) is the Fourier transform of G(y) it follows that G(y) is zero almost everywhere and thus f(x) must be zero almost everywhere, which proves the necessity of the condition of Theorem II for f (s) to be free of zeros in (<ri, <r2).
4.
Here the lemma will be proved. Let Or, there is a B depending on S and p such that 
Since the numerator of the last term exceeds the denominator (1.1) follows.
Thus it is seen that if (1.2) implies/(x) is zero then (1.1) holds. This in turn implies f (s) has no zeros in the strip (o-1( a2) which proves the sufficiency of the condition of Theorem II and completes the proof of Theorem II.
If Ç(s) has no zeros in the strip (o~i, <r2) then (1.2) implies/(x) is zero which in turn implies that (1.1) holds. Thus (1.1) is a necessary condition and this completes the proof of Theorem I.
To prove the remark at the end of Theorem I note that the closure property of the translations in L2(-oo, oo) of Wiener [7] shows that the functions 
